Abstract: Using the Berline-Vergne integration formula for equivariant cohomology for torus actions, we prove that integrals over Grassmannians (classical, Lagrangian or orthogonal ones) of characteristic classes of the tautological bundle can be expressed as iterated residues at infinity of some holomorphic functions of several variables. The results obtained for these cases can be expressed as special cases of one formula involving the Weyl group action on the characters of the natural representation of the torus.
Introduction
The goal of this paper is to present a way of expressing integrals over Grassmannians with torus action as iterated residues at infinity of holomorphic functions. Localization theorems for compact spaces with torus action provide a useful tool which allows to express some cohomological invariants using only the fixed point set of the action. For example, equivariant integrals can be written as sums of local contributions coming from the fixed points, so in the case when the set of fixed points is finite, the integral reduces to a finite sum of rational functions. The idea to express such sums as iterated residues at infinity came from Bérczi and Szenes [2] who used it as a computational tool for Thom polynomials. This idea was implemented also by other authors, see for example Fehér and Rimányi [5, 13] and Weber [14] . One can find a different approach to the residue formulas in papers of Jeffrey and Kirwan [9, 10] , who consider symplectic manifolds with a hamiltonian action of a compact Lie group (not necessarily abelian).
In the case when X is a compact manifold with torus action and the fixed point set of the action is finite, the BerlineVergne formula expresses the integral over X of an element of equivariant cohomology as a sum of local contributions
Here, α ∈ H * T (X ) is an element of equivariant cohomology of X , is the equivariant Euler class of the tangent bundle and T denotes the -dimensional torus. If the space X satisfies additional assumptions (e.g. the odd dimensional cohomology vanishes), then every closed T-invariant differential form can be extended to an element of H * T (X ) [7] . In the case of complex Grassmannian, the Berline-Vergne formula has the form
is a characteristic class of the tautological bundle R. Every such characteristic class can be represented by a symmetric polynomial V , in Chern roots of the bundle R. We prove the following formula for the above integral, that was claimed in the paper of Weber [14] :
The formula was inspired by the mentioned above work of Bérczi and Szenes [2, Section 6.3], where a similar result for the flag variety was proven and it was used as a tool for studying Thom polynomials. The proof of the formula was based on a combinatorial lemma, this approach inspired us to investigate other homogeneous spaces in a similar manner: the Berline-Vergne formula reduces the push-forward to computing a finite sum, which can be studied combinatorically.
A similar result can be obtained for other types of Grassmannians. In the case of Lagrangian Grassmannian LG( ), the expression for an integral, in the form of an iterated residue, is the following:
LG( )
The formulas for orthogonal Grassmannians are very similar to the one above, and are given in subsection 3.2. All obtained formulas (for classical, Lagrangian and orthogonal Grassmannians and the one derived by Bérczi and Szenes) can be written as one equality, involving the action of the Weyl group on the characters of the natural representation of torus action. The result is presented in subsection 3.3. The push-forward for flag varieties and, in particular, Lagrangian Grassmannians were also studied by Kazarian, in [11, Section 2] he presented formulas for the push-forward which are related to the ones we present.
Preliminaries
Throughout this paper, we will use some well-known facts about equivariant cohomology for torus action, and basic knowledge of theory of analytic functions (we use iterated residues of holomorphic functions at infinity).
Berline-Vergne formula
Let T be the -dimensional torus T = (C * ) , acting on a compact space X . The characters of the action can be identified with elements of equivariant cohomology of X : to every character χ we associate the first equivariant Chern class of the line bundle defined by this character, 1 (χ) ∈ H 2 T ( ). Thus we can consider the group of nonzero characters T # \ {0} as a subset of H * T (X ). Localization in equivariant cohomology was studied by Borel in [4] and then further investigated by many other authors, among them Quillen [12] . Among many versions of the formulation of the localization theorem, we choose the one by Atiyah and Bott in [1] .
Theorem 2.1 (Borel, Atiyah, Bott).
Let X be a compact T-space. The inclusion : X T → X induces an isomorphism, * : H *
after localizing with respect to the multiplicative system consisting of finite products of elements 1 (χ), for χ ∈ T # \ {0} [12] .
In the same paper, Atiyah and Bott also gave an explicit formula for the inverse isomorphism. If X is a compact manifold, and the fixed point set is finite, the inverse map for the above isomorphism * can be written in the following way, which was proven by Berline and Vergne in [3] .
Theorem 2.2 (Berline, Vergne).

Suppose X is a compact manifold and #
where is the equivariant Euler class of the tangent bundle at the fixed point , and * is the restriction of the inclusion : X T → X to point the [1] .
Fixed points and equivariant Euler class
To efficiently use the Berline-Vergne formula, one has to compute the Euler class of the tangent bundle at fixed points of the action. The equivariant Euler class at the fixed point is given by the product of weights of torus action on the tangent space. If X is a homogeneous space G/P, where P is a parabolic subgroup (like in the case of Grassmannians and flag varieties), the tangent space at 1 is canonically isomorphic to g/p and the weights of the torus action are the positive roots Φ + \ Φ + P . The positive roots for GL( ), SO( ) and Sp( ), which we use to compute the Euler class for classical, Lagrangian and orthogonal Grassmannians are described in detail for example in [6] .
Fixed points of the action can be described using the Bruhat decomposition. In the considered examples (G = GL( ) SO( ) Sp( )) the Weyl group can be treated as a subgroup of G. We have the decomposition of G/P into Schubert cells, indexed by elements of W /W P , where W is the Weyl group of G, and W P is the Weyl group of P:
Here is a point of the form P/P in a B-orbit in G/P: every B-orbit contains such a point, and it is unique for ∈ W /W P . Each Schubert cell B contains exactly one fixed point of the torus action.
The elements ∈ H * T (X ) can be identified with symmetric polynomials on t, the Lie algebra of T .
Iterated residues at infinity
Let ω 1 ω be affine forms on C , and let ( 1 ) be a holomorphic function. We define the iterated residue at infinity as
=1 ω where z = ( 1 ) and z = 1 ∧ ∧ , and the integrals are taken over sufficiently big circles, satisfying 1 R 1 R .
Results
The goal of this paper is to show how integrals over various Grassmannians (classical, Lagrangian and orthogonal) can be expressed as iterated residues at infinity of rational functions. The starting point is the Berline-Vergne formula, and the following example.
Example 3.1 (Berline-Vergne formula for CP ).
Consider CP with the standard torus action Therefore, the Berline-Vergne formula has the form
where V is a symmetric polynomial in variables.
As in the case of projective space, we can write an expression for the right-hand side of the Berline-Vergne formula as in iterated residue, in the following way:
It can be shown directly, making similar calculations as for the projective space, and using the Residue Theorem times. We will prove a slightly more general result, from which the above formula follows easily (Corollary 3.2).
Formula 1.
Let φ(R) be a characteristic class of the tautological bundle over Grass (C ), and ψ(Q) a characteristic class of the quotient bundle. Then, the following formula holds:
Proof. The first equality is just an application of the Berline-Vergne formula. The left-hand side can be rewritten using Vandermonde determinants. We have
where Vand( 1 ) = < ( − ) denotes the Vandermonde determinant. Now, the left-hand side can be written as
The residue at infinity can be calculated by replacing it with residues at points , by the Residue Theorem. The numerator of is a polynomial, so we only need to check what is the result of taking residue of the function
To shorten the expressions appearing in the calculation, let us use the following notation:
In a special case, when I = J and = , we will write R (I) instead of R (I I). We will also use the notation [ ] for
Now, the residue of
Finally, we obtain = Res
where the last equality results from the fact, that V R and V Q are symmetric polynomials, so for any permutation σ ∈ S × S − the residues at points ( 1 ) and σ ( 1 ) σ ( ) are equal. The final expression is exactly the righthand side in the formulation of the theorem.
For a homogeneous space G/P of a Lie group G, equivariant characteristic classes are elements in H * (G/P) H * (BP), which is isomorphic to H * (BT ) W P , which is the ring of W P -symmetric polynomials, [8] . In the case of the classical Grassmannian, Grass (C ) = GL( )/P, the parabolic subgroup P is a stabilizer of a point under the torus action and can be described as the set of block-type matrices of the form P = * * 0 * and the Weyl group of P is W P = S × S − . This means that to integrate an arbitrary equivariant characteristic class we need to know the residue formula for an S × S − -symmetric polynomial, not necessarily a product of an S -and S − -symmetric polynomial as we considered. But both sides of the proven formula are additive, so the proof for an arbitrary W P -symmetric polynomial is straightforward.
Corollary 3.2.
If we set V Q to be a constant polynomial, V Q = 1, we get
The proof of the above corollary is a simple calculation.
Lagrangian Grassmannians
Similar results can be obtained for integrals over the Lagrangian Grassmannian. For LG( ), the fixed points of the torus action can be parametrized using the subsets I ⊆ {1 }: I = Span { : ∈ I / ∈ I}. Weights of the torus action on the tangent space are equal to
where the + sign appears whenever ∈ I. In this case, the Berline-Vergne formula gives
which can be expressed as a residue at infinity as follows.
Formula 2.
Proof. First, we use the Residue Theorem to change the residue at infinity to residues at points = ± . The
is a polynomial in 1 , so we only need to compute the residue of the function =1 ( − )( + ) −1 . We have
Now it is sufficient to calculate the values V at points = , ∈ I, = − , / ∈ I,
The interpretation of the ± signs in the product < (± − ± ) is the following:
( + ) where
Reducing the above product with the part < ( + )( − ) in the denominator of V , we obtain that V ( − : ∈ I / ∈ I) is equal to V ( − : ∈ I / ∈ I)
where
Changing the signs of to negative for / ∈ I and reducing them with (−1) C 1 +C 4 , we can rewrite it in the following way:
which shows that the residue we calculated is equal to the sum from the Berline-Vergne formula.
Formula 2 is the natural expression one comes up with, when trying to find the easiest way to write down the integral over LG( ) as a residue at infinity of some function. However, one can easily find a slightly different formula, which gives the same result, but shows more similarities to the formula for the classical Grassmannian.
Formula 3.
This second version of the formula may not seem very different from the first one, and in no way a better one. But it turns out to be more useful: it will serve to derive the general formula for all Grassmannian types in subsection 3.3. For orthogonal Grassmannians we will use only the latter form. The proof is analogous to the one in the classical case.
Orthogonal Grassmannians
For orthogonal Grassmannians, fixed points can be indexed by the subsets I ⊆ {1 }, just like in the Lagrangian case. The fixed points are I = Span { : ∈ I / ∈ I}. The weights of the torus action on the tangent space, and hence the equivariant Euler class, depend on whether we consider the even-dimensional case of OG( 2 ) or the odd-dimensional OG( 2 + 1). In the former case, the weights are {± ± : 1 ≤ < ≤ }, where the + sign appears whenever ∈ I. Therefore, the Berline-Vergne formula yields
The right-hand side of the above equality is almost identical to the one in Berline-Vergne formula for Lagrangian Grassmannian. In order to obtain an iterated residue formula for OG( 2 ) we only need to modify slightly the result for the Lagrangian case.
Formula 4.
OG ( 2 ) φ(R) = Res
As might be expected, the odd-dimensional case is just as easy: the weights of the torus action are {± ± : 1 ≤ < ≤ } ∪ { : = 1 }, where the + sign appears whenever ∈ I. Hence, the residue formula for OG( 2 + 1) is the following.
Formula 5.
OG ( 2 +1)
General formula
Surprisingly, it turns out that for the established formulas one can find one equality, which generalizes them all. It requires using the Weyl group action on the characters of the natural representation of the torus action.
The Grassmannians are homogeneous spaces G/P, where G is the general linear group GL( ) for the classical Grassmannian, the symplectic group Sp(C ) for the Lagrangian Grassmannian, and OG( ) for the orthogonal Grassmannian. The parabolic subgroup P in each case is the stabilizer of the point under the action of the torus T of diagonal matrices. Let W denote the Weyl group of G, and W P the Weyl group of P. Let denote the characters of the natural representation of the torus, and consider the "second copy" of those characters, , which we are going to treat like formal variables.
Now, let X denote the set of all possible images of under the action of W , namely X = {σ ( ) : σ ∈ W }. Furthermore, let Φ + \ Φ P + be the set of positive roots, written in terms of characters . The following formula holds for all considered cases.
Formula 6.
Let G/P be the classical, Lagrangian or orthogonal Grassmannian and let R denote the tautological bundle, given by polynomial V in Chern roots. Then, we have The existence of a "general" formula, which works for all types of Grassmannians, and depends only on some algebraic objects associated with them (Weyl group, positive roots, characters of the natural representation) gives rise to a natural question: can we go further and find a consistent way of expressing integrals over homogeneous spaces (maybe under some additional assumptions) as residues at infinity of some functions? If yes, what is the meaning of those functions, do they have an interpretation? In the nearest future, we will investigate this problem further, starting with an attempt to obtain a similar result for small exceptional groups, and then maybe generalizing the results to other homogeneous spaces G/P.
